An investigation is presented of how a comprehensive choice of four most important measures of concordance (namely Spearman's rho, Kendall's tau, Spearman's footrule, and Gini's gamma) relate to the fifth one, i.e., the Blomqvist's beta. In order to work out these results we present a novel method of estimating the values of the four measures of concordance on a family of copulas with fixed value of beta. These results are primarily aimed at the community of practitioners trying to find the right copula to be employed on their data. However, the proposed method as such may be of independent interest from theoretical point of view.
Introduction
Copulas are mathematical objects that capture the dependence structure among random variables. Since they were introduced by A. Sklar in 1959 [21] they have gained a lot of popularity and applications in several fields, e.g., in finance, insurance and reliability theory. Through them we model the dependence between random variables by building (bivariate) distributions with given marginal distributions. When deciding about which copulas to apply in real life scenarios the practitioners need to compare how certain statistical concepts behave on their data and on a class of copulas they intend to exploit.
An important family of such concepts form measures of concordance (cf. [4, 13] ) such as Kendall's tau and Spearman's rho or, slightly more generally, measures of association. On the other hand there is the notion of symmetry, also called exchangeability, or the lack of it, which also plays a crucial role in deciding about the choice of dependence rules practitioners want to utilize on their data. These notions have been studied extensively and increasingly. Let us refer to some studies on measures of association [10, 11, 15, 16] and on measures of nonexchangeability [1, 3, 7, 8, 10, 14] . Perhaps the most significant direction in development of recent studies is computing the local bounds of Fréchet-Hoeffding type for families of copulas behaving equally or similarly with respect to a given measure. We need to point out the paper [10] in this direction, where the authors study a family of copulas with given asymmetry at a given point (non-diagonal, of course) and then compute various measures of association for this family of copulas. This way they put each measure of association considered in a relation with asymmetry. Their point is that the studied family is narrowed down (although not quite determined) by its local bounds.
The main contribution of this paper is to give relations between a fixed measure of association, i.e., Blomqvist's beta, and all other important measures, i.e., Spearman's rho, Kendall's tau, Spearman's footrule, and Gini's coefficient gamma. Another relevant contribution is the development of a novel method by expanding the method of [10] in order to find these relations. (Observe that, in particular, our method differs substantially from the methods developed in [5, 6, 20] to study the relation between Kendall's tau and Spearman's rho.) A third contribution that may be less important in view of applications but perhaps even more important from theoretical point of view is related to our approach as such and will be presented in more details in Section 3.
The paper is organized as follows: Preliminaries on measures of concordance are presented in Section 2, while our method is explained in Section 3. The main results are presented in Sections 4 (relations to Spearman's rho, Section 5 (relations to Kendall's tau), Section 6 (relations to Spearman's footrule), and Section 7 (relations to Gini's gamma). At the end of the paper we give a conclusion presenting some ideas for further investigations.
Preliminaries on measures of concordance
A pair of random variables is concordant if larger values of the first variable are associated with larger values of the second one, while smaller values of the first one are associated with smaller values of the second. The opposite notion is the notion of discordance. A pair of random variables is discordant if larger values of the first variable are associated with smaller values of the second one, while smaller values of the first one are associated with larger values of the second. With this in mind, we denote by Q (see [13, §5.1] or [4, §2.4] ) the difference of two probabilities Q " P ppX 1´X2 qpY 1´Y2 q ą 0q´P ppX 1´X2 qpY 1´Y2 q ă 0q for a pair of random vectors pX 1 , X 2 q and pY 1 , Y 2 q. If the corresponding copulas are C 1 and C 2 , then we have (1) It is symmetric in the two arguments.
(2) It is nondecreasing in each argument.
(3) It remains unchanged when both copulas are replaced by their survival copulas.
We denote by C the set of all bivariate copulas and by I the interval r0, 1s Ď R. Recall that C ď D for C, D P C means that Cpu, vq ď Dpu, vq for all pu, vq P I 2 . This introduces an order on C which is called the pointwise order in [4, Definition 1.7.1]. Observe that the same order on copulas is denoted by C ă D and called concordance ordering in [13, Definition 2.8.1]. A mapping κ : C Ñ r´1, 1s is called a measure of concordance if it satisfies the following properties (see [4, Definition 2.4.7] ):
(1) κpCq " κpC t q for every C P C.
(2) κpCq ď κpDq when C ď D.
(3) κpΠq " 0, where Π is the independence copula Πpu, vq " uv.
(4) κpC σ 1 q " κpC σ 2 q "´κpCq.
(5) If a sequence of copulas C n , n P N, converges uniformly to C P C, then lim nÑ8 κpC n q " κpCq. Here we have denoted by C t the transpose of C, i.e.. C t pu, vq " Cpv, uq, and by C σ 1 , respectively C σ 2 , the reflected copula of C, i.e., the copula obtained from it after sending u Ñ 1´u, respectively v Ñ 1´v. We will refer to property (2) above simply by saying that a measure of concordance under consideration is monotone.
The five most commonly used measures of concordance of a copula C are Kendall's tau, Spearman's rho, Spearman's footrule, Gini's gamma and Blomqvist's beta.
The first four of them may be defined in terms of the concordance function Q. Here we use the usual notation for the three standard copulas, i.e., the Fréchet Hoeffding upper bound, respectively lower bound, M pu, vq " mintu, vu, respectively W " maxt0, u`v´1u, and the product copula Πpu, vq " uv. The Kendall's tau of C is defined by
Gini's gamma by
Spearman's footrule by
On the other hand, Blomqvist's beta is defined by
See [4, §2.4] and [13, Ch. 5] for further details.
An important imprecise copula
In this Section we will present our method in details. Besides the Fréchet-Hoeffding upper and lower bound, which are global bounds for the ordered set of copulas one often studies local bounds of certain subsets. Perhaps among the first known examples of the kind is given in Theorem 3.2.3 of Nelsen's book [13] (cf. also [15, Theorem 1] , where the bounds of the set of copulas C P C with Cpa, bq " θ for fixed a, b P I and θ P rW pa, bq, M pa, bqs are given). In general, if C 0 is a set of copulas, we let (7) C
In [15] the authors study the bounds for the set of copulas whose Kendall's tau equals a given number t P r´1, 1s and for the set of copulas whose Spearman's rho equals a given number t P r´1, 1s. In both cases the bounds are copulas that do not belong to the set. Similar bounds for the set of copulas having a fixed value of Blomqvist's beta were found in [16] . In [1] the authors present the local bounds for the set of copulas having a fixed value of the degree of non-exchangeability. The authors of [10] expand this idea further and develop a method that serves as a raw model to our approach as well, so let us explain its specifics. (We will follow the terminology of [10] by calling a family of copulas such as C 0 above determined by the local bounds (7) and some additional conditions an imprecise copula.)
The notion maximal asymmetry function was introduced in [9, §2] following the ideas of [8] , its value at a fixed point pu, vq P I 2 was computed as
where F Ď C is an arbitrary family of copulas. If F " C, this supremum is attained since C is a compact set by [4, Theorem 1.7.7]. Klement and Mesiar [8] and Nelsen [14] showed that
In [10] an imprecise copula was introduced as follows: choose pa, bq P I 2 and a c P I such that 0 ď c ď dCpa, bq. Define C 0 to be the set of all C such that (9) Cpa, bq´Cpb, aq " c.
Note that this set is nonempty since the set C is convex by [ 
Observe that c is small enough so that everywhere close to the boundary of the square I 2 copula W prevails in the definition of C a,b,c . The proof for C b,a,c goes similarly. Note that C a,b,c and [14] ), so they are automatically copulas. It is also clear that C a,b,c satisfies Condition (9), since C a,b,c pb, aq " W pb, aq and C a,b,c pa, bq " d 1 " W pa, bq`c. The fact that C b,a,c satisfies this condition goes in a similar way using the definition of d 2 .
Remark. Observe that these bounds of the imprecise copula C 0 are shuffles of M according to [13, §3.2.3] and all local bounds of imprecise copulas that we found in the literature so far are shuffles of M .
To compute the values of various measures of concordance we need the values of Q introduced in Section 2 for various copulas such as W , Π, M , and C a,b,c , respectively C b,a,c . Recall that d 1 and d 2 are given by (12) and (13) .
The following proposition is proved in [10, Proposition 3&4] . It was also pointed out there that these results are symmetric with respect to the main diagonal and to the counter-diagonal. Proposition 1. Let pa, bq P I 2 and 0 ď c ď dCpa, bq. For copulas C a,b,c and C b,a,c it holds:
As we have already observed, copulas C a,b,c and C b,a,c are shuffles of M , so that (10) and (11) can be rewritten as
" M p4, tr0, d 2 s, rd 2 , bs, rb, a`b´d 2 s, ra`b´d 2 , 1s, p1, 3, 2, 4q, 1uq,
where the last parameter in the above expression for the shuffle of M is a function f : t1, 2, . . . , nu Ñ t´1, 1u which is in the first line of Equation (14) identically equal to´1 and in the second one identically equal to 1. We recall the imprecise copula of [16] (15) B t :" tC P C | βpCq " tu "
and relate it to the imprecise copula defined by Equation (9), actually we will relate its local bounds B t " inf B t and B t " sup B t to the bounds given by (10) and (11) .
Remark. Here comes the main point of our method. Although the imprecise copula B t defined by (15) is a completely different family of copulas as the imprecise copula C 0 defined in [10] and explained above, its local bounds can be computed, somewhat surprisingly, as a special case of the local bounds of C 0 . This fact will be proven now and will serve as the basis of our investigation. (15) can be expressed as special cases of copulas defined by Equations (10) and (11):
Lemma 2. The local bounds of the imprecise copula defined by Equation
Proof. Using (14) we get
which amounts to the same as above at the points given after a short computation. In a similar way we conclude
and the same can be computed from the above at the points given.T his lemma will enable us to transmit the results of computations of [10] presented in Proposition 1 in determining the imprecise copula given by (15) .
Blomqvist's beta vs. Spearman's rho
In this section we find all possible pairs pβpCq, ρpCqq for a copula C. First we compute the values of ρ at the bounds of the imprecise copula B t . Proof. Using first Equation (3), then Lemma 2(a), and finally Proposition 1(b), we show that
To get item (a) observe that c " 1`t 4 . Next, we follow a similar pattern in proving item (b),
Equation (3), then Lemma 2(b), and finally Proposition 1(e) in order to find:
Finally, observe that c " 1´t 4 .F igure 1 exhibits the set of all possible pairs pβpCq, ρpCqq for a copula C. The expressions for the bounds of the shaded regions are given in Theorem 3 and the following corollary. 
Blomqvist's beta vs. Kendall's tau
In this section we study the relation between Blomqvist's beta and Kendall's tau on the set of all copulas. First we determine the value of τ at the bounds of the set B t for any possible t.
Theorem 5. Given any t P r´1, 1s it holds that (a) τ pB t q " p1`tq 2 4´1
Proof. We compute, using first Equation (2), then Lemma 2(a) and finally Proposition 1(c), that
To get item (a) observe that c " 1`t 4 . Next, we follow a similar pattern in proving item (b):
Equation (2), then Lemma 2(b), and finally Proposition 1(f ), yield
and observe at the end that c " 1´t 4 .F igure 2 depicts the set of all possible pairs pβpCq, τ pCqq for a copula C. The expressions for the bounds of the shaded regions are given in Theorem 5 and Corollary 6. 
Blomqvist's beta vs. Spearman's footrule
In order to compute Spearman's footrule we will first insert copula C " C a,b,c into Equation (5) . So, we start by computing On the second step of these computations we needed a careful examination of which one of the two functions in the arguments of copula M is smaller resulting in a rearrangement of the intervals of integration. A straightforward computation now brings us to (16) QpB t , M q " p1`tq 2 8 and φpB t q " 3p1`tq 2 16´1 2 .
Theorem 7. Given any t P r´1, 1s we have
Proof. Item (a) was proven above. In the proof of item (b), we use Equation (5), then Lemma 2(b) and finally Proposition 1(g) to get: Figure 3 we display the set of all possible pairs pβpCq, φpCqq for a copula C. The expressions for the bounds of the shaded regions are given in Theorem 7 and Corollary 8.
6 , otherwise. In this section we consider the relationship between the Blomqvists's beta and Gini's gamma. We first compute Gini's gamma at the bounds of the set B t for any t P r´1, 1s.
Proof. We compute, using first Lemma 2(a) and then Proposition 1(a), that
To get item (a) use also Equation (4) and the left hand side of Equation (16) , so that
In the proof of item (b) we use Lemma 2(b) and Proposition 1(e):
Also, by Proposition 1(d) it follows that
QpB t , W q "´p 1´tq 2 8 .
Now, use Equation (4) to get
igure 4 exhibits the set of all possible pairs pβpCq, γpCqq for a copula C. The expressions for the bounds of the shaded regions are given in Theorem 9 and Corollary 10. 
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Conclusion
Our results can be explained in terms of imprecise copulas. Let us give some more details about this notion for the interested reader. Observe first that the pair pC, Cq defined by (7) does not necessarily consist of two copulas even if C 0 is made of copulas only. In general it is a pair of quasi-copulas that has certain properties and is called an imprecise copula in [12] . Conversely, a question proposed there is whether any imprecise copula pC, Cq satisfies (7) . The question is answered in the negative in [17] and equivalent conditions on the set of copulas in order to satisfy (7) is given there. Imprecise copulas that do satisfy (7) are said to be coherent (cf. [2, 18, 19] ). The families of copulas used in our paper and called imprecise copulas may all be seen as coherent. However, unlike the one presented in Nelsen's book [13, Theorem 2.3], it is not always clear whether they contain all (!) copulas lying between the two local bounds.
The imprecise copula of [1, Theorem 1], say, does not necessarily contain all the copulas between the two bounds but only some of them, although it is coherent on the other hand as the authors prove in [1, Theorem 2] . The kind of imprecise copulas in a narrower sense seems to have been introduced in [19] . There they emerge from the study of imprecise shock model copulas (cf. also [2] ) such as imprecise Marshall's copulas and imprecise maxmin copulas. In all these cases including the ones studied in our paper the defining condition of a set in question is not fulfilled automatically by all the copulas between the local bounds as opposed to the case studied in [13] .
The main point of this paper is built on the fact described in the remark just preceding Proposition 1, i.e., the fact that the imprecise copula B t has the same local bounds as the imprecise copula C 0 of Section 3, actually a special case of it. This enables us to relate any measure of concordance, and more generally any monotone function κ : C Ñ r0, 1s to Blomqvist's beta. We believe that this method can be expanded further to study relations between any pair of monotone functions on C. However, this would require an even more sophisticated adjustment of our techniques.
As a final remark let us point out that the notion of imprecise copulas is borrowed from the imprecise approach into the copula theory. We know that most of the copula community or even more generally the probability community is reluctant to use imprecise notions since they stand firmly in the standard probability theory. Indeed, the imprecise community may be using finitely additive probability which results in probability distributions of random variables that are monotone functions only and not always cadlag. However, it is a side result of a recent paper [12] that every bivariate random vector (even if we start in a finitely additive probability space) can be expressed as a copula (i.e., the usual Sklar's copula) composed with possibly non-standard marginal distributions. So, whatever there is non-standard in a bivariate random vector, it moves to the marginal distributions, while copulas remain the same. Does this mean that copulas are a stronger probabilistic concept than the probability itself?
